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Status. In addition to energy and linear momentum, 
electromagnetic (EM) fields can carry spin angular 
momentum (when circularly or elliptically polarized), 
and also orbital angular momentum (for example, in 
the presence of phase vorticity).1-3 The classical theory 
of electrodynamics does not distinguish between the 
two types of angular momentum, treating them on an 
equal footing.4-8 In quantum optics, however, while a 
single photon may possess only one ℏ of spin, it has 
the capacity to carry 𝑚𝑚ℏ of orbital angular momentum, 
𝑚𝑚 being an arbitrary integer — or, in special cases, a 
half-integer.9 As usual, ℏ is Planck’s reduced constant. 
In the section on EM momentum, we pointed out that 
the specification of a stress tensor uniquely identifies, 
in conjunction with Maxwell’s macroscopic equations, 
the densities of EM force and torque as well as those of 
linear and angular momenta. In the present section, we 
rely once again on the Einstein-Laub tensor to 
elucidate certain properties of EM angular momentum, 
whose density is given by 𝓛𝓛(𝒓𝒓, 𝑡𝑡) = 𝒓𝒓 × 𝓹𝓹(𝒓𝒓, 𝑡𝑡). Here 
𝓹𝓹 = 𝑺𝑺(𝒓𝒓, 𝑡𝑡) 𝑐𝑐2⁄  is the EM linear momentum density, 
𝑺𝑺 = 𝑬𝑬 × 𝑯𝑯 is the Poynting vector, and 𝑐𝑐 is the speed of 
light in vacuum. Below we discuss two examples of 
EM angular momentum, one in a static situation, the 
other in a dynamic context, thus highlighting the 
universality of the concept. 
Example 1. Shown in Fig.1(a) is a uniformly-charged 
hollow sphere of radius 𝑅𝑅 and surface-charge-density 
𝜎𝜎𝑠𝑠. The sphere is spinning at a constant angular 
velocity Ω0 around the 𝑧𝑧-axis. The total charge of the 
sphere is 𝑄𝑄 = 4𝜋𝜋𝑅𝑅2𝜎𝜎𝑠𝑠, while its magnetic dipole 
moment is 𝒎𝒎 = (4𝜋𝜋𝑅𝑅3 3⁄ )(𝜇𝜇0𝜎𝜎𝑠𝑠𝑅𝑅Ω0)𝒛𝒛�. Inside the 
sphere, the electric and magnetic fields are 𝑬𝑬(𝒓𝒓) = 0 
and 𝑯𝑯(𝒓𝒓) = ⅔(𝜎𝜎𝑠𝑠𝑅𝑅Ω0)𝒛𝒛�, whereas outside the sphere, 
 𝑬𝑬(𝒓𝒓) = 𝜎𝜎𝑠𝑠𝑅𝑅2𝒓𝒓� (𝜀𝜀0𝑟𝑟2)⁄ . (1) 
 𝑯𝑯(𝒓𝒓) = ⅓(𝜎𝜎𝑠𝑠𝑅𝑅4Ω0)(2 cos𝜃𝜃 𝒓𝒓� + sin𝜃𝜃 𝜽𝜽�) 𝑟𝑟3⁄ . (2) 
Integrating the angular momentum density 𝓛𝓛(𝒓𝒓) over 
the entire space yields the total EM angular momentum 
of the spinning charged sphere as 𝑳𝑳 = 𝑄𝑄𝒎𝒎 (6𝜋𝜋𝑅𝑅)⁄ . For 
electrons, 𝑄𝑄 = −1.6 × 10−19 coulomb, 𝑚𝑚𝑧𝑧 = 𝜇𝜇0𝜇𝜇𝐵𝐵 =
−4𝜋𝜋 × 10−7 × 9.27 × 10−24 joule⋅meter/ampere, and 
𝐿𝐿𝑧𝑧 = ½ℏ = 0.527 × 10−34 joule⋅sec. If the electron 
were a ball of radius 𝑅𝑅 ≅ 1.876 femtometer, its entire 
angular momentum would have been electromagnetic. 
Next, consider Fig.1(b), where a second uniformly-
charged spherical shell of radius 𝑅𝑅0 carrying a total 
charge of −𝑄𝑄 is placed at the center of the spinning 
sphere. The 𝐸𝐸-field will now be confined to the region 
between the two spheres, and the total EM angular 
momentum of the system is readily found to be 
 𝑳𝑳 = 8𝜋𝜋
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(𝜇𝜇0𝑅𝑅3𝜎𝜎𝑠𝑠2Ω0)(𝑅𝑅2 − 𝑅𝑅02)𝒛𝒛�. (3) 
It is thus seen that, in the limit when 𝑅𝑅0 → 0, the two 
angular momenta, calculated with and without the 
second sphere, are identical. In one case, the “particle” 
has a net charge of 𝑄𝑄 and its EM angular momentum is 
distributed outside the sphere of radius 𝑅𝑅. In the other 
case the “particle” (consisting of two spheres) is charge 
neutral, yet continues to possess a magnetic dipole 
moment (because the external sphere is spinning). In 
the latter case, the EM angular momentum is confined 
to the space between the two spheres. 
Example 2. Here we consider a single-mode vector 
spherical harmonic EM wave10 trapped inside a hollow, 
perfectly conducting sphere of radius 𝑅𝑅. Choosing the 
mode’s polarization state to be transverse electric (TE) 
and denoting its frequency by 𝜔𝜔, its wavenumber by 
𝑘𝑘0 = 𝜔𝜔 𝑐𝑐⁄ , and its polar and azimuthal orders by (ℓ,𝑚𝑚), the field distribution inside the sphere will be 
 𝑬𝑬(𝒓𝒓, 𝑡𝑡) = 𝐸𝐸0 𝐽𝐽ℓ+½(𝑘𝑘0𝑟𝑟)�𝑘𝑘0𝑟𝑟 �𝑃𝑃ℓ𝑚𝑚(cos𝜃𝜃)sin𝜃𝜃 cos(𝑚𝑚𝑚𝑚 −𝜔𝜔𝑡𝑡)𝜽𝜽� 
 + sin𝜃𝜃𝑃𝑃′ℓ𝑚𝑚(cos𝜃𝜃)
𝑚𝑚
sin(𝑚𝑚𝑚𝑚 −𝜔𝜔𝑡𝑡)𝝋𝝋��. (4) 
 𝑯𝑯(𝒓𝒓, 𝑡𝑡) = −𝐸𝐸0
𝑍𝑍0
�
ℓ(ℓ+1)𝐽𝐽ℓ+½(𝑘𝑘0𝑟𝑟)(𝑘𝑘0𝑟𝑟)3 2⁄ 𝑃𝑃ℓ𝑚𝑚(cos𝜃𝜃) cos(𝑚𝑚𝑚𝑚−𝜔𝜔𝜔𝜔)𝑚𝑚 𝒓𝒓� 
 −𝑘𝑘0𝑟𝑟𝐽𝐽ℓ+½′ (𝑘𝑘0𝑟𝑟)+½𝐽𝐽ℓ+½(𝑘𝑘0𝑟𝑟)(𝑘𝑘0𝑟𝑟)3 2⁄ �sin𝜃𝜃𝑃𝑃′ℓ𝑚𝑚(cos𝜃𝜃) cos(𝑚𝑚𝑚𝑚−𝜔𝜔𝜔𝜔)𝑚𝑚 𝜽𝜽� 
 + 𝑃𝑃ℓ𝑚𝑚(cos𝜃𝜃) sin(𝑚𝑚𝑚𝑚−𝜔𝜔𝜔𝜔)
sin𝜃𝜃
𝝋𝝋���. (5) 
In the above equations, 𝐸𝐸0 is the 𝐸𝐸-field amplitude, 
𝐸𝐸0 𝑍𝑍0⁄  is the 𝐻𝐻-field amplitude, 𝑍𝑍0 = �𝜇𝜇0 𝜀𝜀0⁄  is the 
impedance of free space, 𝐽𝐽ℓ+½(𝜌𝜌) is a Bessel function 
of first kind, half-integer order ℓ + ½, 𝑃𝑃ℓ𝑚𝑚(𝜁𝜁) is an 
associated Legendre function of order (ℓ,𝑚𝑚),  and the 
integers ℓ and 1 ≤ 𝑚𝑚 ≤ ℓ are the polar and azimuthal 
orders of the mode. The primes over 𝐽𝐽ℓ+½(𝜌𝜌) and 
𝑃𝑃ℓ
𝑚𝑚(𝜁𝜁) indicate differentiation with respect to 𝜌𝜌 and 𝜁𝜁. 
Since the tangential components of 𝑬𝑬 and the 
perpendicular component of 𝑩𝑩 = 𝜇𝜇0𝑯𝑯 must vanish on 
Figure 1. (a) Uniformly charged hollow sphere of radius 𝑅𝑅 
spinning at constant angular velocity Ω0 around the 𝑧𝑧-axis. 
 (b) Same as (a), except for the presence of a stationary 
charged sphere of radius 𝑅𝑅0 < 𝑅𝑅 inside the spinning sphere. 
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the internal surface of the perfect conductor, it is 
necessary that 𝑘𝑘0𝑅𝑅 be a zero of 𝐽𝐽ℓ+½(𝜌𝜌). 
The field energy-density, ℰ(𝒓𝒓, 𝑡𝑡) = ½𝜀𝜀0𝐸𝐸2 + ½𝜇𝜇0𝐻𝐻2, 
when integrated over the spherical volume of radius 𝑅𝑅, 
yields the total energy ℰtotal
(EM) of the mode trapped 
inside the cavity. In the limit of large 𝑅𝑅 we find 
 ℰtotal
(EM) ≈ � 𝑅𝑅𝐸𝐸02
𝜇𝜇0𝜔𝜔2
�
ℓ(ℓ+1)(ℓ+𝑚𝑚)!
𝑚𝑚2(ℓ+½)(ℓ−𝑚𝑚)!. (6) 
Similarly, integration of the angular momentum-
density 𝓛𝓛(𝒓𝒓, 𝑡𝑡) over the sphere’s volume in the limit of 
large 𝑅𝑅 yields 
 𝐿𝐿𝑧𝑧
(EM) ≈ � 𝑅𝑅𝐸𝐸02 𝜇𝜇0𝜔𝜔3� ℓ(ℓ+1)(ℓ+𝑚𝑚)!𝑚𝑚(ℓ+½)(ℓ−𝑚𝑚)!. (7) 
Thus, for a sufficiently large sphere, the ratio of orbital 
angular momentum to EM energy is seen to be 
 𝐿𝐿𝑧𝑧
(EM) ℰtotal(EM)� = 𝑚𝑚 𝜔𝜔⁄ . (8) 
This is consistent with the quantum-optical picture of 
photons of energy ℏ𝜔𝜔 and orbital angular momentum 
𝑚𝑚ℏ𝒛𝒛� being trapped within the cavity. 
Angular Momentum Conservation. Returning to the 
system of Fig.1(a), let the sphere’s angular velocity be 
a function of time, Ω(𝑡𝑡), which starts at zero and rises 
slowly to Ω0 after a long time. In accordance with 
Faraday’s law (𝜵𝜵 × 𝑬𝑬 = −𝜕𝜕𝑩𝑩 𝜕𝜕𝑡𝑡⁄ ), the changing 
magnetic field inside the sphere induces the 𝐸𝐸-field 
𝑬𝑬(𝒓𝒓, 𝑡𝑡) = −⅓𝜇𝜇0𝜎𝜎𝑠𝑠𝑅𝑅𝑟𝑟 sin𝜃𝜃 Ω′(𝑡𝑡)𝝋𝝋� . The torque acting 
on the spinning sphere by this 𝐸𝐸-field will then be 
 𝑻𝑻(𝑡𝑡) = ∫ ∫ 𝒓𝒓 × 𝜎𝜎𝑠𝑠𝑬𝑬(𝑅𝑅, 𝜃𝜃,𝑚𝑚, 𝑡𝑡)𝑅𝑅2 sin𝜃𝜃2𝜋𝜋𝑚𝑚=0 𝑑𝑑𝜃𝜃𝑑𝑑𝑚𝑚𝜋𝜋𝜃𝜃=0  
 = −8𝜋𝜋
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𝜇𝜇0𝑅𝑅
5𝜎𝜎𝑠𝑠
2Ω′(𝑡𝑡)𝒛𝒛�. (9) 
Integration over time now reveals that the mechanical 
angular momentum delivered by an external torque 
during the spin-up process is precisely equal to the EM 
angular momentum 𝑳𝑳 residing in the space surrounding 
the spinning sphere of Fig.1(a). A similar calculation 
shows that the EM angular momentum in the system of 
Fig.1(b) is fully accounted for by the mechanical 
torque acting on the outer (spinning) sphere minus the 
torque needed to keep the inner sphere stationary. 
The above argument, although employed here in 
conjunction with simple quasi-static systems involving 
slowly-spinning charged spheres, applies equally well 
to more complicated dynamic situations.5,11 In general, 
any change of the EM angular momentum of a system 
is always accompanied by a corresponding mechanical 
torque acting on the material bodies of the system. The 
existence of this torque ensures that any change in the 
EM angular momentum is compensated, precisely and 
instantaneously, by an equal and opposite change in the 
overall mechanical angular momentum of the system.12  
Current and Future Challenges. To date, essentially 
all experimental researches on EM angular momentum 
have been carried out with non-magnetic materials. 
Since some of the major differences among the various 
EM stress tensors depend on magnetization, it will be 
worthwhile to explore the mechanical response of 
magnetized (or magnetisable) media in the presence of 
EM fields — in particular, external electric fields, 
which give rise to the so-called “hidden momentum” in 
conjunction with the standard Lorentz stress tensor.13 A 
topic of fundamental importance is the distribution of 
EM force-density and/or torque-density within material 
objects, which can only be monitored in soft (i.e., 
deformable) matter. Although different stress tensors 
might predict identical behaviour for a rigid object in 
response to the overall EM force/torque acting on the 
object, local deformations of soft media are expected to 
vary depending on the distribution of force and torque 
densities throughout the object. Precise measurements 
of this type can thus distinguish among the various 
stress tensors that have been proposed in the literature. 
Another interesting topic is the interaction of light 
carrying EM angular momentum with rotating bodies 
such as mirrors, transparent or partially-absorbing 
plates, and birefringent media.14,15 This would involve 
exchanges of angular momentum as well as energy, 
resulting in a Doppler shift of the emerging photons.  
Advances in Science and Technology to Meet 
Challenges. The most dramatic effects of EM linear 
and angular momenta arise in conjunction with high 
quality-factor micro-resonators and nano-devices. 
Advances in micro- and nano-fabrication in tandem 
with development of novel mechanisms for coupling 
light and/or microwaves into and out of high-Q cavities 
will enable sensitive measurements of opto-mechanical 
interactions. Development of high-quality transparent 
magnetic materials as well as novel meta-materials 
with controlled permittivity, permeability, dispersion, 
birefringence, nonlinear coefficients, etc., will usher in 
not only a deeper understanding of the fundamentals 
but also a treasure trove of new applications. 
Concluding Remarks. While the classical theory of 
EM angular momentum is well established, there 
remain opportunities for theoretical contributions to the 
understanding of nonlinear phenomena, quantum 
optics of non-paraxial beams, and interactions between 
light and rotating objects. On the experimental side, 
one could look forward to precise measurements of 
EM force-density and torque-density distributions in 
conjunction with deformable media in order to identify 
appropriate stress tensors for ordinary matter and also 
for exotic meta-materials. The bidirectional exchange 
of angular momentum between EM fields and material 
objects continues to provide a rich and rewarding 
platform for exploring novel practical applications. 
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